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Abstract 
Mohar, B., 7-critical graphs of bounded genus, Discrete Mathematics 112 (1993) 279-281. 
It is shown that for each compact surface Z there are only finitely many vertex 7-critical graphs 
which can be embedded in Z. This solves a problem of Albertson and Stromquist and also gives 
a polynomial time algorithm to test if a given graph G of bounded genus has chromatic number at 
least 7, and a polynomial time algorithm to test if such a graph G has a 6-coloring. 
Graphs in this note will be finite, undirected, and simple. 
A graph G is (vertex) k-critical if its chromatic number is (at least) k but every 
vertex-deleted subgraph can be colored by fewer than k colors. 
Albertson and Stromquist [l] asked whether the number of 7-critical graphs, which 
can be embedded on the double torus, is finite. We answer this question in the 
affirmative by proving a similar result which holds for an arbitrary closed surface C. 
The finiteness of the number of 7-critical graphs of bounded genus (or the non- 
orientable genus) implies the existence of a polynomial time algorithm to test whether 
a given graph of bounded (non-orientable) genus has chromatic number 27. 
Theorem 1. For each surface Z, the number of 7-critical graphs, which embed in C, is 
finite. 
Before giving the proof of Theorem 1, let us state two lemmas. The first one is 
obvious. 
Lemma 1. Zf G is a k-critical graph then G has no uertex of degree less than k- 1 
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Lemma 2. Let G be a graph embedded on a surface C. Zf x=x(C) is the Euler 
characteristic of C, vi the number of vertices of degree i (ia 1) andh (i 3 3) the number of 
faces of size i, then 
c (6-i) Vi+2 1 (3-i)fi>6x(C). 
i>O i>O 
Proof. Let v, e, f denote the number of vertices and edges of G and the number of 
faces, respectively. By elementary counting arguments we have v =& Vi, f=Cifi, and 
2e=Ciivi=Ci ifi. By the Euler’s formula v-e+f >x( C), we get therefrom 
6x(.Q66v-2e+6f-4e= C (6-i)vi+2 1 (3-i)fi. q 
i>O i>O 
Proof of Theorem 1. Let G be a 7-critical graph on C. There is a constant C = C( C) 
such that if G has more than C vertices then G must contain a vertex v such that: 
(a) deg(v) = 6 and all neighbours of v are also of degree 6, and 
(b) All faces containing v are triangular cells. 
This is shown as follows. By Lemma 1, G contains no vertex of degree 5 or less. By 
Lemma 2, 
i~~(i-66)ui+2i~~(i-3)fl~ k(C). 
, , 
Since all terms on the left are nonnegative, it follows that vertices of degree >,7 all 
together have at most -48x(C) neighbours (including themselves). Similarly, all faces 
which are not triangles cover at most - 12x( C) vertices of G. Therefore C = -60x(C) 
will do. 
Assume that G is large enough. Then it contains a vertex v with properties (a), (b). 
Denote its neighbours by vl, . . . , v6 in the same order as they appear on the link 
around 2j. Since G is critical, every 6-coloring of G-v uses all 6 colors on {vi, . . . , 06). 
Choose a 6-coloring c : V(G - v)-+ { 1, . ,6} of G - v such that c(Vi) = i, 1 < i < 6. Each vi 
has all five possible colors on its neighbours. Otherwise we might recolor ui to get a 6- 
coloring extendable to G. Therefore we may get another 6-coloring of G-v by 
exchanging the colors of ai and vi + 1 (all indices modulo 6 from now on). Since this 
coloring has the same properties as mentioned above for c, it follows that vi+2 is 
adjacent to Vi! But then we may get another coloring by exchanging the colors of vi 
and t’i+z. Now it follows as above that q is adjacent to v~+~. Since this can be done for 
each i=1,...,6 we see that G=K,. 0 
It should be mentioned that the above proof also yields that there are no 7-critical 
graphs on the sphere, projective plane, or the Klein bottle (since K, does not embed in 
it), and that the only 7-critical graph on the torus is K,. These facts were known 
already to Dirac [2]. 
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Corollary 1. For each surface C there is a polynomial time algorithm to test ifa given 
graph, which can be embedded in C, has chromatic number greater or equal to 7. 
Proof. A graph has chromatic number 37 if and only if it contains a 7-critical 
subgraph. By Theorem 1, there are only finitely many graphs (of bounded size) to be 
tested. Let us recall that to check if G embeds into C can also be done in polynomial 
time [3]. 0 
Let us mention that to test if the chromatic number is > k where k 2 8 is obviously 
a polynomial time problem (just use Lemmas 1 and 2). As I was told by Neil 
Robertson, Corollary 1 gives rise to a simple polynomial time algorithm to determine 
a 6-coloring of a graph embeddable in C if such a coloring exits. 
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